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INEQUALITIES FOR SEQUENCES OF OPERATORS IN
HILBERT SPACES
SEVER S. DRAGOMIR
Abstract. Some inequalities of Cauchy-Bunyakovsky-Schwarz type for se-
quences of bounded linear operators in Hilbert spaces and some applications
are given.
1. Introduction
Let (H ; (·, ·)) be a real or complex Hilbert space and B (H) the Banach algebra
of all bounded linear operators that map H into H.
We recall that a self-adjoint operator A ∈ B (H) is positive in B (H) iff (Ax, x) ≥
0 for any x ∈ H. The binary relation A ≥ B iff A − B is a positive self-adjoint
operator, is an order relation on B (H) . We remark that for any A ∈ B (H) the
operators U := AA∗ and V := A∗A are positive self adjoint operators on H and
‖U‖ = ‖V ‖ = ‖A‖
2
.
In [1], the author has proved the following inequality of Cauchy-Bunyakovsky-
Schwarz type in the order of B (H) .
























Proof. For the sake of completeness, we give here a simple proof of this inequality.
For any i, j ∈ {1, . . . , n} one has in the order of B (H) :



























for any i, j ∈ {1, . . . , n} .
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for any j ∈ {1, . . . , n} .







































































and the theorem is proved.
The following version of the Cauchy-Bunyakovsky-Schwarz inequality for norms
also holds [1].






























































the corollary is proved.
For other related results, see [2].
The main aim of this paper is to point out other inequalities similar to (1.6).
2. Norm Inequalities
The following result holds.
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Taking the norm in (2.2) and observing that ‖UU∗‖ = ‖U‖
2
for any U ∈ B (H) ,
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Using (2.3) and (2.4), (2.5) one deduces the desired inequality (2.1).
The following corollaries are natural consequences.
















Proof. Follows by the first line in (2.1) on taking into account that
max
1≤i6=j≤n
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Now, using the second line in (2.1) for r = p, s = q, we deduce the desired result
(2.7).













































Another interesting particular case is embodied in the following corollary as well.




















































Thus, combining the third line in the first bracket in (2.1) with the second line for
r = s = 2 in the second bracket, the inequality (2.9) is obtained.
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are other possibilities as shown below. Obviously, since
max
1≤i6=j≤n










then, by (2.1), in choosing the third line in the first bracket with the first line in the



























































































Thus, using the third line in the first bracket of (2.1) combined with the second line




































Note that for r = s = 2, we recapture (2.9).
The following particular result also holds.
Proposition 1. Let α1, . . . , αn ∈ K and A1, . . . , An ∈ B (H) with the property that
AiA
∗

















































If by M (α,A) we denote any of the bounds provided by (2.1), (2.6), (2.7), (2.8),
(2.9), (2.10) or (2.11), then we may state the following proposition as well.
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Proposition 2. Under the assumptions of Theorem 2, we have:












































































which, by (i), gives the desired result (2.14).
3. Inequalities for Vectors in Hilbert Spaces
We consider the non zero vectors y1, . . . , yn ∈ H. Define the operators
Ai : H → H, Aix =
(x, yi)
‖yi‖
· yi, i ∈ {1, . . . , n} .
Since




|(x, yi)| = ‖yi‖ , i ∈ {1, . . . , n}
then Ai are bounded linear operators in H. Also, since





























(x, yi) (z, yi)
‖yi‖
=




(3.3) (Aix, z) = (x,Aiz) , x, z ∈ H, i ∈ {1, . . . , n} ,
we may conclude that Ai (i = 1, . . . , n) are positive self-adjoint operators on H.
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Since, for any x ∈ H, one has













|(yj , yi)| ‖yj‖
‖yi‖
=
|(x, yj)| |(yj , yi)|
‖yi‖
, i, j ∈ {1, . . . , n} ,
we deduce that
(3.4) ‖AiAj‖ = sup
‖α‖=1
|(x, yj)| |(yj, yi)|
‖yi‖
= |(yi, yj)| ; i, j ∈ {1, . . . , n} .
If (yi)i=1,n is an orthogonal family on H, then ‖Ai‖ = 1 and AiAj = 0 for i, j ∈
{1, . . . , n} , i 6= j.
The following inequality for vectors holds.






































































































taking into account that ‖Ai‖ = ‖yi‖ ,∥∥AiA∗j∥∥ = |(yi, yj)| , i, j ∈ {1, . . . , n} .
We omit the details.
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We omit the details.
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